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17 A NOTE ON THE AUTOMORPHISM GROUPS OF
JOHNSON GRAPHS
S. MORTEZA MIRAFZAL
Abstract. The Johnson graph J(n, i) is defined as the graph whose vertex
set is the set of all i-element subsets of {1, ..., n}, and two vertices are
adjacent whenever the cardinality of their intersection is equal to i-1. In
Ramras and Donovan [SIAM J. Discrete Math, 25(1): 267-270, 2011], it is
proved that if n 6= 2i, then the automorphism group of J(n, i) is isomorphic
with the group Sym(n) and it is conjectured that if n = 2i, then the
automorphism group of J(n, i) is isomorphic with the group Sym(n)× Z2.
In this paper, we will find these results by different methods. We will prove
the conjecture in the affirmative.
Keywords : Johnson graph, Line graph, Automorphism group
AMS subject classifications. 05C25, 05C69, 94C15
1. Introduction
Johnson graphs arise from the association schemes with the same name.
They are defined as follows.
Given n,m ∈ N with m ≦ n− 1, the Johnson graph J(n,m) is defined by:
(1) The vertex set is the set of all subsets of I = {1, 2, ..., n} with cardinality
exactly m.
(2) Two vertices are adjacent if and only if the cardinality of their intersec-
tion is equal to m− 1.
The Johnson graph J(n,m) is a vertex transitive graph [7]. It follows from
the definition that for m = 1, the Johsnon graph J(n, 1) is the complete graph
Kn. For m = 2 the Johnson graph J(n, 2) is the line graph of the complete
graph on n vertices, also known as the triangular graph T (n). Thus, for
instance, J(5, 2) is the complement of the Petersen graph, displayed in Figure
1, and in general, J(n, 2) is the complement of the Kneser graph K(n, 2).
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Figure1. The Johnson graph J(5,2)
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We know that complementation of subsets M 7−→ M c induces an isomor-
phism J(n,m) ∼= J(n, n−m), hence we may assume without loss of generality
that m ≤ n
2
. This graph has been studied by various authors and some of the
recent papers are [1,4,6,8,9,14]. In this paper we determine the automorphism
group Aut(J(n,m)), for 6 ≤ n and m ≤ n
2
. Actually, the automorphism group
of J(n,m) for both the n = 2m and n 6= 2m cases was already determined in
[8], but the proof given there uses heavy group-theoretic machinery. The main
result of [14] was to provide a proof for the n 6= 2m case that uses only ele-
mentary group theory, the proof is based on an analysis of the clique structure
of the graph. In [14] the authors leave the n = 2m case open but make a con-
jecture for this case. Also in [6] the conjecture is resolved in the affirmative by
providing a proof that again uses only elementary group theory. We will again
find these results by different methods which we belief are also elementary.
2. Preliminaries
In this paper, a graph Γ = (V,E) is considered as an undirected simple
graph where V = V (Γ) is the vertex-set and E = E(Γ) is the edge-set. For all
the terminology and notation not defined here, we follow [3, 7, 14].
The graphs Γ1 = (V1, E1) and Γ2 = (V2, E2) are called isomorphic, if there is
a bijection α : V1 −→ V2 such that {a, b} ∈ E1 if and only if {α(a), α(b)} ∈ E2
for all a, b ∈ V1. in such a case the bijection α is called an isomorphism. An
automorphism of a graph Γ is an isomorphism of Γ with itself. The set of
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automorphisms of Γ with the operation of composition of functions is a group,
called the automorphism group of Γ and denoted by Aut(Γ). The group of all
permutations of a set V is denoted by Sym(V ) or just Sym(n) when |V | = n.
A permutation group G on V is a subgroup of Sym(V ). In this case we say
that G act on V . If Γ is a graph with vertex-set V , then we can view each
automorphism as a permutation of V , and so Aut(Γ) is a permutation group.
Let G acts on V , we say that G is transitive (or G acts transitively on V ), if
there is just one orbit. This means that given any two elements u and v of V ,
there is an element β of G such that β(u) = v.
The graph Γ is called vertex transitive, if Aut(Γ) acts transitively on V (Γ).
The action of Aut(Γ) on V (Γ) induces an action on E(Γ), by the rule β{x, y} =
{β(x), β(y)}, β ∈ Aut(Γ), and Γ is called edge transitive if this action is
transitive. The graph Γ is called symmetric, if for all vertices u, v, x, y, of Γ such
that u and v are adjacent, and x and y are adjacent, there is an automorphism
α such that α(u) = x, and α(v) = y. It is clear that a symmetric graph is vertex
transitive and edge transitive. The graph Γ is called distance-transitive if for all
vertices u, v, x, y, of Γ such that d(u, v) = d(x, y), there exists some g ∈ Aut(Γ)
satisfying g(u) = x and g(v) = y. It is clear that a distance transitive graph is
a symmetric graph. The Johnson graph J(n,m) is an example of a distance-
transitive graph [3]. For v ∈ V (Γ) and G = Aut(Γ), the stabilizer subgroup
Gv is the subgroup of G containing of all automorphisms which fix v. In
the vertex transitive case all stabilizer subgroups Gv are conjugate in G, and
consequently isomorphic, in this case, the index of Gv in G is given by the
equation, |G : Gv| =
|G|
|Gv|
= |V (Γ)|. If each stabilizer Gv is the identity group,
then no element of G, except the identity, fixes any vertex, and we say that
G act semiregularly on V . We say that G act regularly on V if and only if G
acts transitively and semiregularly on V , and in this case we have |V | = |G|.
Although, In most situations it is difficult to determine the automorphism
group of a graph Γ and how it acts on the vertex set of Γ, there are various
papers in the literature, and some of the recent works appear in the references
[6,8,10,11,12,13,14,16].
3. Main results
Let Γ be a connected graph with diameter D and x be a vertex of Γ. Let
Γi = Γi(x) be the set of vertices of Γ at distance i from x. Thus Γ0 = {x}, and
Γ1 = N(x) is the set of vertices which are adjacent to the vertex x. Therefore,
V (Γ) is partitioned into the disjoint subsets Γ0(x), ...,ΓD(x). Let v, w ∈ Γ and
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d(v, w) denotes the distance between the vertices v and w in the graph Γ. It
is an easy task to show that for any two vertices v, w of J(n,m), d(u, v) = k
if and only if |v ∩ w| = m− k (when regarding v, w as m-sets).
Proposition 3.1. Let Γ = J(n,m), n ≥ 6, 3 ≤ m ≤ n
2
. Let x ∈ V (Γ), Γi =
Γi(x) and v ∈ Γi. Then we have;
∩w∈Γi−1∩N(v)(N(w) ∩ Γi) = {v}
Proof. A proof of this result appeared in [14], but for the sake of complete-
ness and since we need our proof in the sequel, we offer a proof which is
slightly different from that. It is clear that v ∈ ∩w∈Γi−1∩N(v)(N(w) ∩ Γi). Let
x = {x1, ..., xm}. We can assume that v = {x1, ..., xm−i, y1, ..., yi} where I =
{x1, ..., xm, y1, ..., yn−m} = {1, 2, ..., n}. If w ∈ Γi−1∩N(v), then |w∩v| = m−1
and |w ∩ x| = m− i+ 1 and thus
w = wrt = (v − yt) ∪ {xr} = {x1, ..., xm−i, xr, y1, ..., yt−1, yt+1, ..., yi}
where m− i+ 1 ≤ r ≤ m, 1 ≤ t ≤ i.
We show that if u ∈ Γi and u 6= v and u is adjacent to some wrt, then there
is some wpq such that u is not adjacent to wpq.
If v 6= u ∈ Γi is adjacent to wrt, then u has one of the following forms,
(∗) u1 = {x1, ..., xm−i, y1, ..., yt−1, yt+1, ..., yi, ya}, i < a ≤ n−m
(∗∗) u2 = {x1, ..., xj−1, xj+1, ..., xm−i, xr, y1, ..., yt−1, yt+1, ..., yi, yb}
where b ∈ {i+ 1, ..., n−m} ∪ {t}, 1 ≤ j ≤ m− i.
In the case (∗), u1 is not adjacent to wr(t−1)(or wr(t+1)), because xr, yt ∈
wr(t−1) but xr, yt 6∈ u1.
In the case (∗∗), if yb = yt, say,
u2 = {x1, ..., xj−1, xj+1, ..., xm−i, xr, y1, ..., yt−1, yt, yt+1, ..., yi}
then u2 is not adjacent to wst(s 6= r) because xj , xs ∈ wst and xj , xs 6∈ u2. Also
in the case (∗∗), if yb 6= yt, then we have
u2 = {x1, ..., xj−1, xj+1, ..., xm−i, xr, y1, ..., yt−1, yt+1, ..., yi, yb}
where b ∈ {i+ 1, ..., n−m}. But in this case u2 is not adjacent to ws(t−1) (or
ws(t+1)) because xj , yt ∈ wr(t−1) and xj , yt 6∈ u2.
Our discussion shows that if v 6= u ∈ Γi, then u 6∈ ∩w∈N(v)∩Γi−1(N(w) ∩ Γi)
and thus we have ∩w∈N(v)∩Γi−1(N(w) ∩ Γi) = {v}.

A NOTE ON THE AUTOMORPHISM GROUPS OF JOHNSON GRAPHS 5
Let Γ be a graph, then the line graph L(Γ) of the graph Γ is constructed
by taking the edges of Γ as vertices of L(Γ), and joining two vertices in L(Γ)
whenever the corresponding edges in Γ have a common vertex. There is an
important relation between Aut(Γ) and Aut(L(Γ)). Indeed, we have the fol-
lowing result [3, chapter 15] which obtained by Whitney [17]. Although, the
proof of this result is tedious but uses elementary facts in graph theory and
group theory, and it is not difficult (see [2, chapter 13] for a proof).
Theorem 3.2. The mapping θ : Aut(Γ)→ Aut(L(Γ)) defined by;
θ(g){u, v} = {g(u), g(v)}, g ∈ Aut(Γ), {u, v} ∈ E(Γ)
is a group homomorphism and in fact we have;
(i) θ is a monomorphism provided Γ 6= K2;
(ii) θ is an epimorphism provided Γ is not K4, K4 with one edge deleted, or
K4 with two edges deleted.
For example, by using the above fact, we can obtain the following result.
Proposition 3.3. The automorphism group of Johnson graph J(n, 2) is iso-
morphic with the symmetric group Sym(n).
Proof. We know that the Johnson graph J(n, 2) is the line graph of the com-
plete graph on n vertices, namely, J(n, 2) ∼= L(Kn). Thus, we have Aut(J(n, 2))
∼= Aut(L(Kn)). By Theorem 3.2. it followes that Aut(L(Kn)) ∼= Aut(Kn).
Now, since Aut(Kn) ∼= Sym(n), then we have Aut(J(n, 2)) ∼= Sym(n).

We now try to prove that the above result is true not only for the case m = 2
in J(n,m) but also for every possible m.
Proposition 3.4. Let v be a vertex of the Johnson graph J(n,m). Then,
Γ1 =< N(v) >, the induced subgraph of N(v) in J(n,m), is isomorphic with
L(Km,n−m), where Km,n−m is the complete bipartite graph with partitions of
orders m and n−m.
Proof. Let I = {1, 2, ..., n}, v = {x1, ..., xm} and w = v
c = {y1, ..., yn−m} be
the complement of the subset v in I. Let xij = v−{xj}∪{yi}, 1 ≤ j ≤ m, 1 ≤
i ≤ n−m. Then,
N(v) = {xij|1 ≤ j ≤ m, 1 ≤ i ≤ n−m}
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In Γ1 =< N(v) > two vertices xij xrs are adjacent if and only if i = r or
j = s. In fact, {x1, ..., xj−1, yi, xj+1, ..., xm} and {x1, ..., xs−1, yr, xs+1, ..., xm}
have m − 1 element(s) in common if and only if xi = xr or yj = ys. Let
X = {v1, ..., vm} and Y = {w1, ..., wn−m} where X ∩ Y = ∅. We know that
the complete bipartite graph Km,n−m is the graph with vertex set X ∪ Y , and
edge set E = {{vi, wj}, 1 ≤ i ≤ m, 1 ≤ j ≤ n − m}. Then L(Kn,n−m) is
the graph with vertex set V (L(Kn,n−m)) = E in which vertices {vi, wj} and
{vr, ws} are adjacent if and only if vi = vr or wj = ws. Now it is an easy task
to show that the mapping
φ : L(Kn,n−m)→ Γ1 =< N(v) >, φ(vi, wj) = xij = v − {xi} ∪ {yj}
is a graph isomorphism.

Theorem 3.5. Let Γ = J(n,m), n ≥ 4, 2 ≤ m ≤ n
2
. If n 6= 2m, then
Aut(Γ) ∼= Sym(n). If n = 2m, then Aut(Γ) ∼= Sym(n)× Z2.
Proof. Let G = Aut(Γ). Let x ∈ V = V (Γ), and Gx = {f ∈ G|f(x) = x}
be the stabilizer subgroup of the vertex x in Γ. Let < N(x) >= Γ1 be the
induced subgroup of N(x) in Γ. If f ∈ Gx then f|N(x), the restriction of f to
N(x) is an automorphism of Γ1. We define ϕ : Gx −→ Aut(Γ1) by the rule
ϕ(f) = f|N(x). It is an easy task to show that ϕ is a group homomorphism.
We show that ker(ϕ) is the identity group. If f ∈ ker(ϕ), then f(x) = x
and f(w) = w for every w ∈ N(x). Let D be the diameter of Γ = J(n,m)
and Γi be the set of vertices of Γ at distance i from the vertex x. Then
V = V (Γ) = ∪Di=0Γi. We prove by induction on i that f(u) = u for every
u ∈ Γi. Let d(u, x) be the distance of the vertex u from x. If d(u, x) = 1, then
u ∈ Γ1 and we have f(u) = u. Assume f(u) = u when d(u, x) = i − 1. If
d(u, x) = i, then by proposition 3.1. {u} = ∩w∈Γi−1∩N(u)N(w), and therefore
f(u) = ∩w∈Γi−1∩N(u)N(f(w)). Since, w ∈ Γi−1, then d(w, x) = i−1, and hence
f(w) = w. Thus,
f(u) = ∩w∈Γi−1∩N(u)N(f(w)) = ∩w∈Γi−1∩N(u)N(w) = u
Thus, ker(ϕ)= {1}. On the order hand,
Gv
ker(ϕ)
∼= ϕ(Gv) ≤ Aut(Γ1) = Aut(< N(x) >) and thus Gv ∼= ϕ(Gv) ≤ Aut(Γ1)
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and hence |Gv| ≤ |Aut(Γ1)|.
By Proposition 3.4. Γ1 ∼= L(Km,n−m), thus Aut(Γ1) ∼= Aut(L(Km,n−m)).
Since by Theorem 3.2. Aut(L(Km,n−m)) ∼= Aut(Km,n−m), hence |Aut(Γ1)| =
|Aut(Km,n−m)|, and therefore |Gv| ≤ |Aut(Km,n−m)|. Note that if P = Ks,t is
a complete bipartite graph, then for t 6= s we have |Aut(P )| = s!t!, and for
t = s we have |Aut(P )| = 2(s!)2 [3, chapter17].
Since Γ = J(n,m) is a vertex transitive graph, we have |V (Γ)| = |G|
|Gv|
, thus
|G| = |Gv||V (Γ)| ≤ |Aut(Km,n−m)|
(
n
m
)
. Now, if n 6= 2m, then we have
|G| ≤ (m!)(n−m)! n!
(m!)(n−m)!
= n!
and if n = 2m, then we have
(*) |G| ≤ |Aut(Km,m)|
(
2m
m
)
, and hence |G| ≤ 2(m!)2 (2m)!
(m!)(m!)
= 2(2m)!
We know that If θ ∈ Sym(I) where I = {1, 2, ..., n}, then
fθ : V (Γ) −→ V (Γ), fθ({x1, ..., xm}) = {θ(x1), ..., θ(xm)}
is an automorphism of Γ and the mapping ψ : Sym(I) −→ Aut(Γ), defined
by the rule ψ(θ) = fθ is an injection.
Now if n 6= 2m, since |G| = |Aut(Γ)| ≤ n!, we conclude that ψ is a bijection,
and hence Aut(Γ) ∼= Sym(I).
If n = 2m, then Γ = J(n,m) = J(2m,m) and the set {fθ| θ ∈ Sym(2m)} =
H , is a subgroup of Aut(Γ). It is an easy task to show that the mapping
α : V (Γ) −→ V (Γ), α(v) = vc where vc is the complement of the set v in I, is
also an automorphism of Γ, say, α ∈ G = Aut(Γ).
We show that α 6∈ H . If α ∈ H , then there is a θ ∈ Sym(I) such that
fθ = α. Since o(α) = 2 (o(α) = order of α), then o(fθ) = o(θ) = 2. We assert
that θ has no fixed points, say, θ(x) 6= x, for every x ∈ I. In fact, if x ∈ I, and
θ(x) = x, then for the m-set v = {x, y1, ..., ym−1} ⊆ I, we have
fθ(v) = {θ(x), θ(y1), ..., θ(ym−1)} = {x, θ(y1), ..., θ(ym−1)}
hence x ∈ fθ(v) ∩ v, and therefore fθ(v) 6= v
c = α(v) which is a contradic-
tion. Therefore, θ has a form such as θ = (x1, y1)...(xm, ym) where (xi, yi) is
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a transposition of Sym(I). Now, for the m-set v = {x1, y1, x2, ..., xm−1} we
have
α(v) = fθ(v) = {θ(x1), θ(y1), θ(xm−1)}= {y1, x1, ..., θ(xm−1)}
and thus x1, y1 ∈ fθ(v) ∩ v, hence fθ(v) 6= v
c = α(v), which is a contradic-
tion.
We assert that for every θ ∈ Sym(I), we have fθα = αfθ. In fact, if
v = {x1, ..., xm} is a m-subset of I, then there are yj ∈ I, 1 ≤ j ≤ m, such
that I = {x1, ..., xm, y1, ..., ym}. Now we have
fθα(v) = fθ{y1, ..., ym} = {θ(y1), ..., θ(ym)}
On the other hand, we have
αfθ(v) = α{θ(x1), ..., θ(xm)} = {θ(y1), ..., θ(ym)}
because I = θ(I) = {θ(x1), ..., θ(xm), θ(y1), ..., θ(ym)}. Consequently, fθα(v) =
αfθ(v). We now deduce that fθα = αfθ.
Note that if X is a group and Y, Z are subgroups of X , then the subset
Y Z = {yz | y ∈ Y, z ∈ Z} is a subgroup in X if and only if Y Z = ZY .
According to this fact, we conclude that H < α > is a subgroup of G.
Since α 6∈ H and o(α) = 2, then H < α > is a subgroup of G of order
|H||<α>|
|H∩<α>|
= 2|H| = 2((2m))!
Now, since by (*) |G| ≤ 2((2m)!), then G = H < α >. On the other
hand, since fθα = αfθ, for every θ ∈ Sym(I), then H and < α > are normal
subgroups of G. Thus, G is a direct product of two groups H and < α >,
namely, we have G = H× < α >∼= Sym(2m)× Z2.

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